CONVEX BODIES IN HIGH DIMENSION

(note that the statement of one exercise may be used for the proof of another).

(1) (a) Show that there is a one-to-one correspondence between origin-symmetric
convex bodies K in R" (i.e. compact convex subsets with non-empty in-

terior), and normed spaces (R”, ||-|| i), given by ||z|| ; := inf {t > 0;x € tK}.

(b) Show that K C L iff ||z||, > ||z||, for all z € R™.

(2) Recall that he Banach-Mazur distance between two convex bodies K, L C
R"™ was defined as:

1
dpy(K, L) := inf {ab ;s —-LCT(K)CbL, Te Afﬁne(R")} ,
a

Where Affine(R") denotes all affine transformations of R”. Show that when
K = —K and L = —L, it is enough to just consider linear maps T' € GL(n)
above.

(3) Let A, denote the regular simplex in R™. Show that dg (A, D) = n, where
recall, the geometric distance is defined as:

1
de(K, L) == inf {ab S LCKC bL} .
a

Hint: use the natural embedding of A,, C R as A,, := conv(e, ..., ent1).

(4) Recall that BYL, and B denote the unit-balls of £ and ¢}, respectively.
(a) Verify that dg(BY, Dy) = v/n.
(b) Verify that dg(BL, Dy) = /n.

(5) Let H denote the hyperplane perpendicular to the diagonal in R", i.e. H :=
(1/y/n,...,1/y/n)*. Using the (local) Central-Limit-Theorem, calculate:

lim Vol([~1/2,1/2" N H) .

Verify that indeed this value is < v/2. (Here local CLT means that if {X;}

are i.i.d. bounded random-variables with E(X;) = 0 and Var(X;) = 1, then

the density at t € R of % S, X; converges to the density of a standard
n

Gaussian random-variable at t).

(6) We have proved the Brunn-Minkowski inequality for two n-dimensional rect-
angles with aligned axes. Use this as the basis of an induction, and prove
the BM inequality for bodies K = UY,A; and L = Uj]\/ilBj, where A; and
B; are n-dimensional rectangles (with axes aligned with the principle axes
of R™) having mutually disjoint interiors.

Hint: use induction on N + M. Use the fact that if N > 2, one can al-

ways find a hyperplane H so that each of the collections {A; N HT} and
1
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{A; N H~} are composed of < N — 1 non-degenerate rectangles. Finally,
translate the set L into a favorable position, so that L N H™ and L N H~
have convenient volumes.

(7) Prove that det'/™ is concave on the class of n x n positive semi-definite
matrices:

A, B>0 = det(A+ B)Y/" > det(A)Y™ + det(B)'/™ .
(8) We'’ve seen in class that the 1-D Brunn—Minkowski (BM) inequality implies
the 1-D Prékopa—Leindler (PL) inequality. Generalize this implication to
arbitrary dimension n using two different methods:

(a) Method 1. Apply the BM inequality to the level-sets of h, f,g, and
conclude using the 1-D PL inequality.

(b) Method 2. First prove using the BM inequality that if:
Az + (1= Ny)* 2 Af(@)F + (1= Ng(y)k Va,y € R"

for some natural number k, then:

(L) (o) v ()

(this is a particular case of the Borell / Brascamp-Lieb inequalities).
Conclude the PL inequality by taking £ — oo and using that for a,b > 0:

lim (Aa® 4 (1 — A)b°)Y/E = o' .
e—0

(9) We've seen in class that if f: R™ — R, is a log-concave function:
VA€ [0,1] Yo,y €R®  fAz+ (1= Ny) > () f(y)' ™,
then p = f(z)dx is a log-concave measure:
VA,BCR"™ pu(AA+ (1 —X\)B) > u(A) u(B)'.
Show the converse.

(10) (a) Show that if f is log-concave and integrable, then so are all of its
marginals. In other words, show that if f : R"™™ — R, is log-concave
and integrable, then so is h : R™ — R, where h(2) := [pn f(2,y)dy.

(b) Deduce from part (a) that if f,g: R" — Ry are log-concave and inte-
grable, then so is their convolution f x g(z) = [p. f(y)g(x — y)dy.

(11) Let f : R — R,4. Show that if 0 < p < ¢, then then the property “f%(t) is
concave on its support” implies “fP(¢) is concave on its support”. Passing
to the limit p — 0, show that this implies that log f(¢) : R - RU {—o0} is
concave (i.e. that f is log-concave).

(12) Show that if A is compact in R™ then so is its Steiner symmetrization Sy A.
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(13) Let A be a compact subset of R". Show that SyA = A for all centered
hyperplanes H, if and only if A is a centered Euclidean ball.

(14) Let K C R" be a convex body, and let E be an m-dimensional subspace.
Show that the function:

1
Esy— Vol(KnN(y+ EL)mm |
is concave on its support.

(15) Let f : R™ — R, be a function so that fY/% is concave on its support, for
some integer k. Denoting:

o)i= | S,
Y

show that the function:
1
E >y g(y)nik—m |

is concave on its support. Taking k — 0o, deduce that when f is log-concave,
then so is its marginal g. Compare with Exercise 8(b) and with the previous
exercise.

(16) Show that the isoperimetric inequality on R™:
[0A] = n | D[/ A0

implies the Brunn-Minkowski inequality when one of the sets is a Euclidean
ball D:

Vol(A 4+ D)Y™ > Vol(A)Y™ + Vol(D)'/™ |
(say for sets A with smooth boundary).

(17) Let K be an origin-symmetric convex body in R™ and E a linear subspace
of dimension k. We proved in class the Rogers—Shephard inequality:

K| < [K 1 | |Projp| < (Z) K] .

(a) Provide examples demonstrating the sharpness of each inequality.
(b) Asa corollary or RS, deduce that if K is not-necessarily origin-symmetric,
then:

2n
K+ -x)l< () 11
Hint: construct an appropriate L C R?” and use RS with an appropriate
E. Note that for the RHS of the RS inequality, no assumption on origin-

symmetric is required.
(18) Prove that Ry 3 r — Vol(K NrD,)"/™ is a concave function, for any convex
K in R™.

(19) Recall the correspondence between origin-symmetric convex bodies K and
norms on R™, described in Exercise 1. Show that:

(@) |12l xnr = max({lz][x , [lyll)-
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(0) 12l comu(reny = inf {1l + 9l 32 = + v}
¢) [|2ljesp, = inf {max(lzll , Iyll)s 2 = =+ v}

(
(20) Recall the definition of the dual norm: ||y||" := sup,<; [(z,y)|. Show that:
(a) |I-]|* is indeed a norm.
(b) (||-II")* = |||l- Hint: prove that if x ¢ K then there exists a separating
hyperplane.
(©) [lly < [I-lly implies -]} = [I-]l3.
(21) Let K be an origin-symmetric convex body in R", and recall that the unit-
ball of ||-||% is polar-set K°. Show that:
(a) (K1 N Ksy)°® = conv(K]UKS).
(b) hi,+k, = hi, + hk,, where hy, = ||-||7 is the support function of L.
(c) If K =[—af,ab], § € S"~ 1 then K° = {z € R"; |(z,0)| < 1/a}.
(d) K C L implies L° C K°.
(e) If T € GL(n) then (TK)° = T~*(K°), where T~* = (T~1)*. In partic-
ular, (AK)°® = A\"1K°.
(f) Conclude that dBM(K, L) = dBM(KO, LO).

(22) Show that M*(SyK) < M*(K), where Sy K denotes the Steiner symmetral
of K with respect to an arbitrary linear hyperplane H. As a corollary, deduce
Urysohn’s inequality: |K| = |D,| implies M*(K) > M*(D,,) = 1.

(23) Let X be a G-homogeneous space, where G is a compact Hausdorff topologi—
cal group Recall that the Haar measure px on X is defined by: [ f  f@)dpx(x) =
Jo flgzo)duc(g), for any fixed 29 € X. Show that px is the unlque (up to
positive multiple) G-left-invariant measure on X.

(24) (a) Let 6y € S™ 1, and let G,, x denote the Grassmanian of all k-dimensional
linear subspaces of R™. Show that the space szok ={FeGni; b€ E}
is Og,-homogeneous for an appropriate compact group Og,.

(b) Using uniqueness of the Haar measure, show that for any continuous
function f on G, x:

/ F(BYncy, (B)dns:(0) = [ f(Byduc, . (E)
Ssn—1 sz,k ’ nk

where pxy denotes the Haar probability measure on the compact space
X.
) Similarly, show that for any continuous function f on S™~!:

/ / (0)dps e (6)dpci,  (E*) = / F(O)dugni(6)
Gk J S(EF) Sn—t

where E¥ € G, and S(E¥) := EF nSn—L.
(25) Recall that Steiner’s formula states that:

Vol(K +tD,) = z% (?) Wi (Kt .
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Let K be a smooth convex body. Prove using Steiner’s formula and integra-
tion in polar coordinates that Wi (K) = Vol(D,)M*(K), where recall:

M*(K) = /S b (6)da(6) .

Here ¢ is the Haar probability measure on S™ ! and hg is the support
function of K.

(26) Using Vol((K +tD,,) + rD,) = Vol(K + (t + r)D,,) and Steiner’s formula,
deduce that:

W;(K +rDy,) i() K)r'.

1=0
(27) Recall that the Alexandrov—Fenchel inequality states that:
V(K17 K27L37 ey Ln)2 Z V(K17K17 L37 ey L'n)V(K27K27 L37 o 7L'rl) )

where V' denotes mixed-volume. We use the notation V(K;i,L;n — i) to
denote the mixed volume of the tuple where K appears i times and L appears
n — ¢ times. Using only this, deduce:

(a) V(K;i, Lyn —1i) > Vol(K)/"Vol(L)"9/",

(b) More generally, deduce Minkowski’s inequality:

V(Ky,... K,;) > (I, Vol(K;)V/™ .
(c) Specializing (a) to the case i = n — 1, we have Minkowski’s inequality:
V(K;n—1,L;1) > Vol(K)" V"Vl (L)/™ |
Note and explain why the case of L = D,, corresponds to the Euclidean
isoperimetric inequality (for convex bodies).

(d) Use the inequality in (c) above and the multi-linearity of the mixed-
volumes V' to deduce the Brunn—Minkowski inequality:

Vol(K + L)Y™ > Vol(K)"™ + Vol (L)'/™ .
(e) Generalize all of the above to show that:
Wi(K + L)Y > Wy KV + WD)V Vi=1,...,n,
where recall W;(K) = V(K i, Dy;n —1).
(28) Calculate the isotropic constant of the Euclidean ball D,, and the cross-
polytope B} having volume 1 in R". Find their asymptotic values as n — oo.

(29) Complete the proof of John’s theorem, stating that if D,, C K is the maximal
volume ellipsoid inside an origin-symmetric convex body K in R", then K C
\/nD,,. Do this by directly arguing that otherwise, there would exist a point
xo ¢ K with |xg| > /n, and hence by convexity K D C' := conv(D,U{£x})
; a contradiction will follow if an ellipsoid is found inside C' having even larger
volume than D,,.
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(30) (a) Show that K = y/nB7 is in John’s position (can use the characterization
we learned in class via the isotropic measure supported on contact points
of D,, and 0K).

(b) Deduce by duality that the minimal-volume ellipsoid containing B is
VnD,,.
(c) Deduce from (a) and (b) that dpy (B, D) = v/n.
(31) Show that when k divides n, the estimate of K. Ball Vol([—1/2,1/2]"NE) <
(n/k)¥/2 for a subspace E of dimension k is sharp.

(32) Derive using the Brascamp-Lieb Theorem the sharp constant in Young'’s
inequality on R:

1 1 1
f g 7+7:1+77p7q7321‘
oo lolge -+ 5 =1+

Hf *QHLs < Cp,q,s

(33) (a) Calculate the volume of Bj, the unit-ball of £;, by integrating the
measure exp(— ||z||}, )dz on R™.
P

(b) Deduce that when p € [1,2], the volume-ratio of By is bounded by a
numeric constant, independent of dimension.

(34) Consider the metric-measure space (S™,d, jugn), where 1 = pgn it the cor-
responding Haar probability measure, and d is the geodesic distance on S™.
Let f: S™ — R be a 1-Lipschitz function, let m(f) denote its median, and
define E(f) = [ fdp.

(a) Show that |E(f) —m(f)| < % for some constant C' > 0.

(b) Show that 0 < \/E(f?)— E(|f]) < % for some constant C' > 0.

(c) Deduce concentration around E(f), and if f > 0, also around /E(f?).

In other words, show that:
-1
ple € "5 (@) = Af| = 7) < Cexp(—=5—1?)

where Ay is either E(f), and when f > 0, also y/E(f?), for some
constant C' > 0.
(d) Show that if f is L-Lipschitz, then:

p(x e S"; f(x) —m(f) 2 r) < Vr2exp(—

(e) More generally, show that:

p(x € 8™ fla) —m(f) = wp(r)) < Vr2exp(—
where wy(r) =sup {|f(z) — f(y)| ; d(x,y) < r} denotes the modulus of
continuity of f.

(35) Show that jugn(Bg(wg)) > eyv/n — 1 6sin™ (), where Bg(zo) is a geodesic
ball of radius 6 on S™, zg € S™ is any point, and ¢ > 0 is a constant.

n—1
212

r?) .

n—1

7“2) ,
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(36) Show that the Gaussian isoperimetric inequality on (R™,|-|,~,), where 7,
denotes the standard Gaussian measure on R", namely:

(A) =m(H) = 7y (A) =, (H),
implies:
Y(A) =(H) = Am(Ay) >y (H,), Vr>0.

Here H is (any) half-plane, v, (C') denote the Gaussian boundary measure
of a Borel set C' C R", and C,. denote the r-extension of C.
Guidance: mimic the proof we saw in class for the Sphere.

(37) Let A denote a k x n random matrix with i.i.d. standard Gaussian entries.
Show that with very high-probability (quantify this!), the map T : R™ — R*
given by T'(z) := ﬁAw is a good “Johnson-Lindenstrauss” map, i.e.:

(1 —e)lz[rn < |T(2)[gr < (1+€)|z[rn
with very high-probability for a fixed z € R™.
(38) Assume that on a metric-measure (probability) space (2, d, 1) we know that:
VACQ pwA)>1/2 = uQ\A)<K(r)Vr>0.
Show that:
VACQ p(A) > K(eo) = pQ\Arie) < K(r) Vr>0.
Deduce that on S™, we have the following concentration property:

w(A) = V/rfSexp(— 2 ted) = u(S™ Asey) < /m/Sexp(

n—1
2) .

(39) Let k = k(n—1,¢) as defined in class, namely a value of k which guarantees
that for any continuous function on S"':

HGy, {Ek € Gy Vo€ S(EF) |f(z) —m(f)| < wf(g)} > 1 — exp(—

Assume that A C S"~! is such that for every E¥ € G, 5, AN E* # (. Then
there exists a E§ € Gy, so that E(I)C NS™ 1 C As..

Guidance: define the right Lipschitz function f and use a similar argument
to the one in the previous exercise.

(40) Recall that:
w8 = ([ peltanss ) )= ([ el a)

and that we showed in class that I'y(K) = /nMs(K) for any (say origin-

symmetric) convex K.

(a) Show by direct calculation that T'y(K) ~ /(n)M;(K). Here A ~ B
means that the ratio of A and B is bounded from above and from below
by two numerical constants, independent of the dimension.

-2
t %) .
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(b) Show the “reverse Jensen inequality”: M,(K) < C\/pM;(K).
Guidance: we showed that:

pgn-1 (|l — Mi(K)| > tMi(K)) < C exp(—ent®(Mi(K) /b(K))?) < Cexp(—ct?) ;

now repeat the proof of the reverse Holder inequality we gave in class for
semi-norms on log-concave distributions (corollary of Borell’s Lemma).
(c) Deduce (a) again without performing any calculations.

(41) Prove the following estimates:

1t ) 11 )
—————exp(—t“/2) < Prob(y; > t) < ——exp(—t°/2) Vt>0.
Vot +1 Vot

Hint for the left-hand inequality - try to take derivatives.

(42) Show that for any E € G, i, I'2(K) > T'o(K N E), and hence My(K NE) <
V/n/kMy(K). Using k = 1, deduce that b(K) < /nMs(K).
Guidance: repeat the proof of the proposition where we showed that in
John’s position, M(K)/b(K) > c\/logn/\/n.

(43) Show that Med(||-|[)Med(]|-||*) > 1. Here Med = m denotes a median of its
argument on S" 1.

(44) Show that for any convex set K and Euclidean ball D, N(K, D) = N (K, D),
where N is the covering number, and N is the covering number where the
points are required to all lie inside K.

(45) Show that if K, T, D are three origin-symmetric convex bodies, then for any
z € R™
(KN(z+D)+T|<|(KND)+T| .
Hint: use Brunn’s concavity principle and the origin-symmetry.

(46) Show that the following two statements are equivalent for an origin-symmetric
convex body K in R" with |K| = |D,]|.
(a) There exists a constant C > 0 so that N(K, D,,) < exp(Cin).
(b) There exists a constant Cy > 0 so that |K N D,| > exp(—Can) |D,|.
The equivalence is in the sense that C; depends solely on C5, and vice-versa.
Hint: use the covering estimates we learned in class.

(47) Recall that the volume-ratio of a convex body T is defined as:
.(T) := inf (|T 1/n
v (T) = inf (1T /€D
where the infimum runs over all ellipsoids £ contained in 7'.
Assume that K satisfies |K| = |D,| and N (K, D,) < exp(Cin). Setting
:= conv(K° U Dy,,), show that v.r.(T) < Cs, where C5 > 1 is some fixed
constant.
Hint: use the previous exercise and the Blaschke—Santalo inequality for
origin-symmetric convex bodies |T'||T°| < |Dp|*.
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(48) Assume that K satisfies |K| = |D,| and N(K, D,) < exp(Cin). Show that
N(K°, Dy) < exp(Cin).
Hint: use the previous exercise.



