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> Optimal Transport - Introduction

@ (X,d, m) Polish space with finite Borel measure is called m.m.s.
@ [2-Wasserstein distance between pg, i1 € P(X):

1

Wa(pio, p1) := inf{(/x Xdz(X,y)w(dx, dy)>2 . TE P(X x X),

o = [0, T1 = fi1
W, weakly metrizes P»(X), yielding Polish (P2(X), Wa).
@ (X,d) is geodesic space iff (P2(X), W») is geodesic space.

Emanuel Milman Local-to-Global for CD(K, N)

|




> Optimal Transport - Introduction

@ (X,d, m) Polish space with finite Borel measure is called m.m.s.
@ [2-Wasserstein distance between pg, i1 € P(X):
1
. 2 P(X x X)
W, = inf o2 dx.dy)) ; T € s
(ho. ) = in {(/XX (ey)nlaay)) o PERX }

W, weakly metrizes P»(X), yielding Polish (P2(X), Wa).

@ (X,d) is geodesic space iff (P2(X), W») is geodesic space.

@ Any geodesic [0, 1] 5 t — u; € Po(W) can be lifted to an Optimal
Dynamical Plan v € P(Geo(X)), so that (e;)s(v) = s, where:

(evaluation map) e;: Geo(X) >y — v € X.
OptGeo(po, 11) = all such v’s with (e)y(v) = wi (i = 0,1).
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> Optimal Transport - Introduction

@ (X,d, m) Polish space with finite Borel measure is called m.m.s.
@ [2-Wasserstein distance between pg, i1 € P(X):
1
. 2 P(X x X)
W, = inf o2 dx.dy)) ; T € s
(ho. ) = in {(/XX (ey)nlaay)) o PERX }

W, weakly metrizes P»(X), yielding Polish (P2(X), Wa).

@ (X,d) is geodesic space iff (P2(X), W») is geodesic space.

@ Any geodesic [0, 1] 5 t — u; € Po(W) can be lifted to an Optimal
Dynamical Plan v € P(Geo(X)), so that (e;)s(v) = s, where:

(evaluation map) e;: Geo(X) >y — v € X.
OptGeo(po, 11) = all such v’s with (e)y(v) = wi (i = 0,1).

@ (X,d) is called non-branching if geodesics do not branch at an
interior-point into two separate geodesics.
(X,d, m) is called essentially non-branching (e.n.b.) if for any
o, 1 € PZ°(X,d, m), any v is concentrated on non-branching
subset G C Geo(X) (e.g. mGH limits of manifolds w/ Ric > K).
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Lott—Sturm—Villani Curvature-Dimension Condition

Definition (Sturm, Lott-Villani '04)

(X,d, m) satisfies CD(K, N), K € R, N € [1, oq] if
Vo, p1 € PE(X,d, m), 3v € OptGeo(uo, i11) s.t. VN > N, vt € (0,1):

Jorau> [ (AR (o) + iy (U)o~ () v(d)

where ¢ = psm (up < m automatically since m(X) < oo).

Definition: (X,d, m) satisfies

if Voe X,3o e X, C X, Yo, 1 € PE°(X,d, m), supp(pi) C Xo,
Jv € OptGeo(uo, 1) S.t. above holds VN’ > N, Vt € (0, 1).
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Lott—Sturm—Villani Curvature-Dimension Condition

Definition (Sturm, Lott-Villani '04)

(X,d, m) satisfies CD(K, N), K € R, N € [1, oq] if
Vo, p1 € PE(X,d, m), 3v € OptGeo(uo, i11) s.t. VN > N, vt € (0,1):

/ P dpiy > / (7N P~ (0) + i (€0))pr ™7 () (@)

where ¢ = psm (up < m automatically since m(X) < oo).

Definition: (X,d, m) satisfies

if Voe X,3o e X, C X, Yo, 1 € PE°(X,d, m), supp(pi) C Xo,
Jv € OptGeo(uo, 1) S.t. above holds VN’ > N, Vt € (0, 1).

Theorem (Alt. Definition of for m.m.s. (GRSCM))

(X,d,m) € CD(K,N) iff Vo, 1 € P3(X,d, m), 3 € OptGeo( o, f11)
(v unique and v = S;(uo) for S : X — Geo(X)), s.t. Vt € (0,1):

PR (1) = i (U)o ™R (o) + i n(E())pr TR (1) Vv-a.e. v € Geo(X).
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Distortion Coefficients o and 7

The CD(K, N) condition:
- (1-1) -% (1 N
pe M (1)) = Ty (E(7))po M (v0) + T N (E(Y)) Py

entails “r-concavity" of JJN(t), where J,(t) = ”°§”°) is the “Jacobian" of
the transport map T; : x — e; o S(x) from g t0 7.
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Distortion Coefficients o and 7

The CD(K, N) condition:
- (1-1) -% (1 -
pe " (1) = Ty (E())po M (v0) + T N (E(V))py (1)

entails “r-concavity" of JJN(t), where J,(t) = ’[’)°§”°) is the “Jacobian" of

the transport map T; : x — e; o S(x) from ~, to ;. We have:
7';(<t.)/\/(9) = U%,)N—1 (9)1_% th,

where coefficients o(t) = a%’)Nq (0) and ¢ control volume distortion
perpendicular and parallel to v (respectively).
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Distortion Coefficients o and 7

The CD(K, N) condition:
- (1-1) -% (1 -
pe " (1) = Ty (E())po M (v0) + T N (E(V))py (1)

entails “r-concavity" of JJN(t), where J,(t) = ’[’)°§”°) is the “Jacobian" of

the transport map T; : x — e; o S(x) from ~, to ;. We have:
() (6) := 0%),\,_1(9)1_%?%,

where coefficients o(t) = a%’)Nq (0) and ¢ control volume distortion
perpendicular and parallel to v (respectively).

: K
0 0 Sln(te 7N71)
A=0, 0= L 0 .= OVED

Ull(t)+92 (1)

N sin(0y/+5)

in accordance with the smooth Riemannian setting (Jacobi equation).
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Examples of m.m.s.s satisfying CD(K, N)

Remark: CD(K, N) = (supp(m), d) is geodesic if N < cc.
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Examples of m.m.s.s satisfying CD(K, N)

Remark: CD(K, N) = (supp(m), d) is geodesic if N < cc.
@ (M", g, Volg) geodesically-convex,

Ric, > K < CD(K, n) .
@ (M", g, pVoly) geodesically-convex,
Ricg — Hessglog p — N L Vg logp® Vglogp > K< CD(K,N).

@ Finsler manifolds satisfy CD(0, n).
@ Alexandrov spaces satisfy CD(0, n).
@ Stable under mGH limits.

@ CD(K, N) implies numerous geometric and analytic inequalities
as in smooth setting.

Bakry—Emery, Cordero-Erausquin-McCann—Schmuckenshlager, Otto-Villani,
von-Renesse—Sturm, Ohta, Petrunin, Lott—Sturm-Villani, Cavalletti-Mondino.
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Local-to-Global Question

Globalization Question (Sturm, Villani)

Let (X,d, m) and assume (supp(m), d) is geodesic (or length space).
Does CDc(K, N) = CD(K, N)? (as in the smooth setting)
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Local-to-Global Question

Globalization Question (Sturm, Villani)

Let (X,d, m) and assume (supp(m), d) is geodesic (or length space).
Does CDc(K, N) = CD(K, N)? (as in the smooth setting)

Yes for non-branching spaces if N = oo (Sturm) or K = 0 (Villani).
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Local-to-Global Question

Globalization Question (Sturm, Villani)

Let (X,d, m) and assume (supp(m), d) is geodesic (or length space).
Does CDc(K, N) = CD(K, N)? (as in the smooth setting)

Yes for non-branching spaces if N = oo (Sturm) or K = 0 (Villani).

No in general (Rajala): 3 heavily branching CD,,:(0, 4) space which is
not CD(K, N) forany K e Rand N € [1, x].

So restriction to non-branching, or more generally, e.n.b., is natural.
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Local-to-Global Question

Globalization Question (Sturm, Villani)

Let (X,d, m) and assume (supp(m), d) is geodesic (or length space).
Does CD/y:(K, N) = CD(K, N)? (as in the smooth setting)

Yes for non-branching spaces if N = oo (Sturm) or K = 0 (Villani).

No in general (Rajala): 3 heavily branching CD,,:(0, 4) space which is
not CD(K, N) forany K e Rand N € [1, x].

So restriction to non-branching, or more generally, e.n.b., is natural.

Main Result (Cavalletti—M. '16)

Yesforall K e Rand N € (1, 00) if m(X) < oo and (X,d, m) is e.n.b.

Remark: new even assuming infinitesimal Hilbertianity (RCD(K, N)),
e.g. for mGH limits of CD(K, N) Riemannian manifolds.
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The Challenge

Given a fixed W2-geodesic t — (et)s(v), CDyc(K, N) implies for v-a.e.
7 € Geo(X) (setting as usual J, () = )

1 1 - &
I (1=Bag+tar) > 70 (g — ool )L (an)+7Y 4 (o — o] 0)4 (e) Vt € [0,1],

for all [ag, aq] C [0, 1] with ay — «g sufficiently small.

Previously known cases § = 0 = T,(f’),\, = t linear distortion, and so
local t-concavity implies global t-concavity for [ag, a1] = [0, 1].
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The Challenge

Given a fixed W2-geodesic t — (et)s(v), CDyc(K, N) implies for v-a.e.
7 € Geo(X) (setting as usual J, () = )

I (1=t)ag+tar) > 70 (ar — aol 0)IF (an)+78 1 (lar — a0l 0)JF (a0) ¥t € [0, 1],
for all [ag, aq] C [0, 1] with ay — «g sufficiently small.

Previously known cases § = 0 = T,(f’),\, = t linear distortion, and so
local t-concavity implies global t-concavity for [ag, a1] = [0, 1].
However, when % # 0, Deng—Sturm constructed a counterexample to
local-to-global property of T,((t?N-concavity.

Moral: the local-to-global property for % # 0, if true, cannot be

obtained by a one-dimensional bootstrap argument on a single
W,-geodesic as above, and must follow from a stronger reason
involving a family of Wa-geodesics simultaneously.
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The Challenge

Deng—Sturm: local-to-global for r,(<'7)N(0)-concavity is false for X 0.
However, Bacher—Sturm:

@ Defined CD*(K, N) by replacing T}S}N(e) by weaker a%?N(G):

IV (1=t)ag-+ar) > oin (ot — ao 6)J 7 (ol 70 (lar — aol 0)J7 (ag) Vi€ [0,1].

Now local-to-global for afé?,\,(ﬁ)-concavity is always true since:
K 1 K

" 2 — Y 2
o (t)+9—Na(t) 0= (J9) +9—N

@ For non-branching spaces, established local-to-global property:
CD*(K,N) & CDj,(K,N) & CDjoc(K — &,N) Ve > 0.

1
JJ <0on [ag, a1].
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The Challenge

Deng—Sturm: local-to-global for r,(<'7)N(0)-concavity is false for X 0.
However, Bacher—Sturm:

@ Defined CD*(K, N) by replacing T}S}N(e) by weaker a%?N(G):

IV (1=t)ag-+ar) > oin (ot — ao 6)J 7 (ol 70 (lar — aol 0)J7 (ag) Vi€ [0,1].

Now local-to-global for afé?,\,(ﬁ)-concavity is always true since:
K 1 K

" 2 — Y 2
o (t)+9—Na(t) 0= (J9) +9—N

@ For non-branching spaces, established local-to-global property:
CD*(K,N) & CDj,(K,N) & CDjoc(K — &,N) Ve > 0.

Local-to-global challenge for CD(K, N): Disentangle o (L) and t (||)
contributions to Jacobian before integrating as above.

1
JJ < 0on [ag, aq].
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The Challenge

Deng—Sturm: local-to-global for r,(<'7)N(0)-concavity is false for X 0.
However, Bacher—Sturm:

@ Defined CD*(K, N) by replacing T}S}N(e) by weaker a%?N(G):
S (1=Bag+ar) = oD (lar — aol 0)J7 (ar)+all 10 (lar — aol )47 (ag) Vi € [0, 1.

Now local-to-global for afé?,\,(ﬁ)-concavity is always true since:
K 1 K

" 2 — Y 2
o (t)+9—Na(t) 0= (J9) +9—N

@ For non-branching spaces, established local-to-global property:
CD*(K,N) & CDj,(K,N) & CDjoc(K — &,N) Ve > 0.

Local-to-global challenge for CD(K, N): Disentangle o (L) and t (||)
contributions to Jacobian before integrating as above.

1
JJ < 0on [ag, aq].

1
We will show: J, (1) = L, (t)Y,(t), L, concave, Y{"' af(t?N_1-concave.

Then r,&t’),\,-concavity of JQN follows by application of Hélder’s inqg.
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L' Optimal-Transport and CD' (K, N)

L'-Wasserstein distance, Monge—Kantorovich—-Rubinstein duality:

Wilyio.p) =Tnf [ dixyynacdy) = sup [ u(do — dr)
™ JXxX u 1-Lipschitz J X

Fix a 1-Lipschitz v : (X,d) — R.
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L' Optimal-Transport and CD' (K, N)

L'-Wasserstein distance, Monge—Kantorovich—-Rubinstein duality:

Wilyio.p) =Tnf [ dixyynacdy) = sup [ u(do — dr)
™ JXxX u 1-Lipschitz J X

Fix a 1-Lipschitz v : (X,d) — R. Assume for simplicity supp(m) = X.

@ R C Xis called a transport-ray for u if R = Im(~), v closed
geodesic (£(v) € (0,00]), |u(vt) — u(vs)] = d(71,7s), and R is
maximal w.r.t. inclusion.

@ (X,d,m) satisfies CD,(K, N) if 3{X.},.q C X s.t.:

o muy,= [omyq(da), with m,(X,)=1, forg-ae. acQ,
where 7, = {x € X'; Jy # x |u(x) — u(y)| = d(x,y)}.
e Forg-a.e. « € Q, supp(m,) = X,,.
e Forg-a.e. « € Q, X, is a transport-ray for u.
e For g-a.e. a € Q, one-dimensional (X,,d, m,) € CD(K, N)
1

(“CD(K, N) density Y,,", i.e. Yo" ' is ox n_1-cONCave).
@ (X,d,m) satisfies CD] (K, N) if CD,(K, N) ¥ 1-Lipschitz u.
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CD(K, N) = CDj;,(K, N)

L'-OT studied by Evans—Gangbo, Feldman—McCann, Ambrosio,
c..., but the relation between CD and the new CDL-p is recent.

Key milestones, modulo new features in red:
@ Heintze—Karcher '78: on (M", g, Volg), CD(K, n) = CDL(K, n)
for all u = d(-, H), H is smooth oriented hypersurface.

@ Generalized Heintze—Karcher (Bayle '04, Morgan '05): on
(M, g, pVolg), CD(K, N) = CD}(K, N).

@ Klartag '14: on (M", g, m = pVolg), CD(K. N) = CD,,(K, N);
No smoothness assumed on 1-Lipschitz u!

@ Given [ f dm = 0, Klartag applied this to maximizing v in
W;(fym, f-m), obtaining a 1-D “localization” with [, fdm, = 0;
previously known for M" = R” using bisection method of
Payne—Weinberger, Gromov—Milman, Kannan—Lovasz—-Simonovits.

@ Cavalletti-Mondino ’15: on e.n.b. (X,d, m), m(X) < oo, N < o0,

geodesic, CD/,o(K, N) = CDL,p(K, N). Remark:
CDyoc is enough since in 1-D, CD,:(K, N) = CD(K, N) easily.
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Our plan: CDje(K, N) + geodesic=cay-vonCD} (K, N)=7CD(K. N).
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Our plan: CDje(K, N) + geodesic=cay-vonCD} (K, N)=7CD(K. N).
Theorem (Cavalletti—-M. "16)
(X,d,m) e.n.b., m(X) < oo, KER, N e (1,00). TFAE:

@ CD(K,N).

@ CDj,(K,N).

@ CD'(K, N) (only need u(x) = sgn(f(x))dist(x, {f = 0})).
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Our plan: CDje(K, N) + geodesic=cay-vonCD} (K, N)=7CD(K. N).
Theorem (Cavalletti—-M. "16)
(X,d,m) e.n.b., m(X) < oo, KER, N e (1,00). TFAE:

@ CD(K,N).

@ CDj,(K,N).

@ CD'(K, N) (only need u(x) = sgn(f(x))dist(x, {f = 0})).
@ CD*(K, N) (Bacher—Sturm, recall CD;,,(K, N) < CDjpc(K—, N)).
@ CD®(K, N) (Erbar-Kuwada—Sturm).
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Our plan: CDje(K, N) + geodesic=cay-vonCD} (K, N)=7CD(K. N).
Theorem (Cavalletti—-M. "16)
(X,d,m) e.n.b., m(X) < oo, KER, N e (1,00). TFAE:
@ CD(K,N).
@ CDj,(K,N).

@ CD'(K, N) (only need u(x) = sgn(f(x))dist(x, {f = 0})).
@ CD*(K, N) (Bacher-Sturm, recall CD},,(K,N) < CDjc(K—, N)).
@ CD®(K, N) (Erbar-Kuwada—Sturm).
If in addition (supp(m), d) is length-space, these are equivalent to:
@ CDie(K, N).
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Our plan: CDje(K, N) + geodesic=cay-vonCD} (K, N)=7CD(K. N).
Theorem (Cavalletti—-M. "16)
(X,d,m) e.n.b., m(X) < oo, KER, N e (1,00). TFAE:

@ CD(K,N).

@ CDj,(K,N).

@ CD'(K, N) (only need u(x) = sgn(f(x))dist(x, {f = 0})).
@ CD*(K, N) (Bacher—Sturm, recall CD;,,(K, N) < CDjpc(K—, N)).
@ CD®(K, N) (Erbar-Kuwada—Sturm).
If in addition (supp(m), d) is length-space, these are equivalent to:
@ CDjc(K, N).

Starting point for showing CD' = CD:
o CDL(.’O)(K, N) = MCP(K, N) (o € X, by maximality) = proper.

@ Cavalletti-Mondino: MCP(K, N)+ e.n.b. = W? transport
induced by map, hence v unique, p; < m, pt(;) locally Lipschitz.
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Proof - Preliminaries

WE(ii0. 1) =int [ 6 y) e, oy) = sup [ o(mo(@) + [ € ym(ay),

where ©°(y) = infyex % — ¢(x) is the Kantorovich dual.
Wa (o, u1) < oo = sup attained on ¢ = (¢°)°, “Kantorovich potential”.
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Proof - Preliminaries

WE(ii0. 1) =int [ 6 y) e, oy) = sup [ o(mo(@) + [ € ym(ay),

where ©°(y) = infyex % — ¢(x) is the Kantorovich dual.
Wa (o, u1) < oo = sup attained on ¢ = (¢°)°, “Kantorovich potential”.

Any v € OptGeo(uo, 1t1) concentrated on “Kantorovich geodesics™:

G, = {7y € Geo(X) ; p(v0) + ¢°(11) = (7)?/2} .
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Proof - Preliminaries

WE(ii0. 1) =int [ 6 y) e, oy) = sup [ o(mo(@) + [ € ym(ay),

where ©°(y) = infyex % — ¢(x) is the Kantorovich dual.
Wa (o, u1) < oo = sup attained on ¢ = (¢°)°, “Kantorovich potential”.

Any v € OptGeo(uo, 1t1) concentrated on “Kantorovich geodesics™:

G, = {7y € Geo(X) ; p(v0) + ¢°(11) = (7)?/2} .

Hopf-Lax semi-group: Q:f(y) = infyex ( + f(x).

Interpolating potentials: ¢g = ¢, 1 = —¢°, = Q¢(—¢
= (t — s)ps is Kantorovich potential for (us,m).

v), t €[0,1].
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Proof - Preliminaries

WE(ii0. 1) =int [ 6 y) e, oy) = sup [ o(mo(@) + [ € ym(ay),

where ©°(y) = infyex % — ¢(x) is the Kantorovich dual.
Wa (o, u1) < oo = sup attained on ¢ = (¢°)°, “Kantorovich potential”.

Any v € OptGeo(uo, 1t1) concentrated on “Kantorovich geodesics™:

G, = {7y € Geo(X) ; p(v0) + ¢°(11) = (7)?/2} .

Hopf-Lax semi-group: Q:f(y) = infyex ( + f(x).
Interpolating potentials: ¢g = ¢, 1 = —¢°, = Q¢(—¢
= (t — s)ps is Kantorovich potential for (us,m).
Formally: 11 = (exp(—V¢))zho ; 1t = (€Xp(—(t — 8)Vios))shts.
V(1) = =Ver(n) . U(y) = [Ver(y)| vt e0,1].
Hamilton-Jacobi: ¢, = 1 [Vy|? (rigorously = 12 on Dy).

On e(Gy), li(7t) = £(7) is well-defined if (X, d) is geodesic & proper.

v), t €[0,1].
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1st Ingredient - Change-of-Variables Formula

Easy to check: ps(s) — ¢i(71) = (t — 8)95 vt s € [0,1].
2
= Define L := (e; o 63_1)11(,05 = psoeso et_1 =@+ (t— S)%’.
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1st Ingredient - Change-of-Variables Formula

Easy to check: ps(s) — ¢i(71) = (t — 8)95 vt s € [0,1].
= Define L := (e; o 63_1)11(,05 = psoeso et_1 =@+ (t— S)g.

Theorem (Change-of-Variables Formula)

Let (X,d,m) € CD'(K,N), e.n.b.,, m(X) < 0o, K € R, N € (1,0).
Then Vg, p1 € P5°(X,d, m), 3 versions of p; = %, such that for

v-a.e.y € G}, forae. t,s€(0,1),30,|,=1®Z () > 0, and:

ps(s) _ U(0)?
pt(vt)  Orlr=t®Z (1)

with ([0,1], ]|, hs(t)dt) € CD(¢(~)2K, N), hs(s) = 1.

hs(t) fora.e. t,s € (0,1),

@ v C transport-ray for us = sgn(ps — ws(vs)) d(-. {vs = ©s(7s)}),
and hs(t) is obtained from CDLS(K, N) (cf. maximality of ray).

@ No Lip regularity of ®% (t # s) available, so no co-area allowed.

@ Used to prove CD' = CD but new even under CD.
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Change-of-Variables in the smooth setting

Fix 5 and recall us = sen(i2s — s(5)) d(-, {ps = s(75)})-
ws(1s) — prle) = (t — 8) QL.

@ Let T5(x) := exp,(—(t — s)Vys(x)) be the L2-OT map.
(T£)s(ns) = pe, 8O /;fg:’,s)) = Jac|x=, T7 ().

@ Let R7(x) := exp,(—(t — s)¢(vy)Vus) be the normal-ray map.
We have Rf(vs) = T7(vs) = -
CDLS(K, N) =t Jac|x—. R$(x) is CD(K/(v)?, N) density.

@ Hence at 7s: % =JacT$ = jzg,ggdacﬁ’s =: \g(1)hs(1).

@ Calculating, As(t) depends on angle between the levels sets of
L and ¢y at

T (VOL(7t), Veor(v)) _ —<V‘D§(7t)v’7/(t)>:8T|r=t¢§(7t)
As(t) (v)? €(v)? 1{C0

where last equality follows since ®%(v;) = ps(vs) is constant in t.
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Change-of-Variables in mm-setting

Tools: Fubini, Disintegration of measure, uniqueness of disintegration.
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Change-of-Variables in mm-setting

Tools: Fubini, Disintegration of measure, uniqueness of disintegration.
Given good G C G/, fix sand let G,, := {7y € G; ¢s(7s) = as}.
e As ep,11(Ga,) C Ty, disintegrate on transport-rays of us using CDZ,S:

mLe(OJ)(Gas):/ (es(B))s(hF LM (0.1))a(dB) = mZL(at),
es(Gas) (0,1)

obtaining a new disintegration over the partition {e:(Ga,)}c (o 1)-
Note that m® = (e; o eg ' );(h%(t)m2).

¢ Disintegrate on partition {ef(Gas)}aseR:

Mie(G)= / b q5(das) =g < p1 / m!, £ (das).
#s(es(G)) ps(es(G))

Multiplying both sides by p;, the LHS is pt = (e1):(v), @ Wa-geodesic.
Therefore, same holds true for the conditional measures: for a.e. as,

prmb_ = (er)s(va,) is Wa-geodesic compatible with G (supp(va,) C Ga,).-
Hence: prmb, = (eroes);(psms,)-
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Mecgonr= [, L) Mo~ [l £ (da)
? Ps(Cs

m = (e;oeg ' )s(h*(H)m2), pmb = (e;0eg')s(psm).

Fora.e. t € (0,1), as € ¢s(Ga,), mi*, m}_are concentrated in e:(G,).

Emanuel Milman Local-to-Global for CD(K, N)



Mecgonr= [, L) Mo~ [l £ (da)
? Ps(Cs

mye = (eroeg ! )y(h*(mg) , pml, = (eroeg)s(psmy,)-
Fora.e. t € (0,1), as € ¢s(Ga,), mi*, m}_are concentrated in e:(G,).

Thm: for a.e. s,t € (0,1), @s € ¢s(Gg,), mi* = 9;dL mf, .
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Mecgonr= [, L) Mo~ [l £ (da)
? Ps(Cs

mye = (eroeg ! )y(h*(mg) , pml, = (eroeg)s(psmy,)-
Fora.e. t € (0,1), as € ¢s(Ga,), mi*, m}_are concentrated in e:(G,).
Thm: fora.e. s,t € (0,1), as € ¢s(Ga,), mi® = 0,5 m .
Cor: Calculating Radon-Nykodim derivative:

Orlr=t®3(ye) _ m* | _ h*(Ome | _ hs(t)

87' |T:S¢; (’75) =

pe(7)  pmb, e psmy; |, — ps(7s)
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mLe(OJ)(Gas):/ mf5£1(dt)7 m\—er(G):/ m25E1(das).
(0 1) ‘Ps(es(G))

mi* = (eroeg " )y(h*(mE) , pml, = (eroeg')s(psmy,).
Fora.e. t € (0,1), as € ¢s(Ga,), mi*, m}_are concentrated in e:(G,).
as __

Thm: for a.e. s,t € (0,1), @s € ¢s(Gg,), mi* = 9;dL mf, .

Cor: Calculating Radon-Nykodim derivative:

Orre®I(0) _ | he(t)md

_ ho(t) h(t) ,,
a0 ekl T s, |, T el 00 = 5050
Formal Proof of Thm: write ®%(x) = ®(t, x).
er(Ga,) = ex(G)N{x ; Ps(t,X) = a5} = ex(G)N{x ; ds(-,x)""(as) =1} .

By formal coarea “- = % = |-01%s(t, X)|, since by

implicit function thm P(P~"(a,x),X) = a= Vy® + ;0V,d~ " =0.
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2nd Ingredient - 3rd order information on t — ¢

ps(’)’s) _ g([y)g
pt(vt)  Orr=t®Z (1)

hs(t) fora.e. t,s € (0,1).

Formally: &% = o, + (t — 8)%, Opr = 12, 0,01 = 2 + (t — 8)0; 5.
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2nd Ingredient - 3rd order information on t — ¢

ps(7s) _ €(7)2 hs(t) = hs(t)

pe(v)  Orlr=®3 () 14 (8 — )l 200

Formally: &% = o, + (t — 8)%, Opr = 12, 0,01 = 2 + (t — 8)0; 5.

fora.e. f,s € (0,1).
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2nd Ingredient - 3rd order information on t — ¢

ps(’)’s) €(7)2 hs(t)
= - hs(t) = , _ fora.e. t,s € (0,1).
G R B i K AN TP SET iy oY

Formally: ¢! = @ _ 12 5ot — g2 )&

y: OL = @ + (t — 8) %, Orpr = 305, 0L = £ + (t — 8)0; 5.
1

Want: ﬁ =L, ()Y, (), L, concave and Y, af(t?,\,q-concave.

Main difficulty: need 9; of denominator, i.e. 92¢2, i.e. B3¢.
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2nd Ingredient - 3rd order information on t — ¢

ps(’)’s) 6(7)2 hs(t)
= - hs(t) = , _ fora.e. t,s € (0,1).
G R B i K AN TP SET iy oY

Forma”y' L= o+ (t - 8§, Do = B2, 00 =0+ (t - $)0i5.

Want: ) =L, ()Y, (), L, concave and Y ' af(t),\, ;-concave.

Main dlfflculty need 9; of denominator, i.e. 92¢2, i.e. B3¢.

Theorem (On a general proper geodesic (X, d))

For any~ € G, /fﬂl(l Or|,—1l? 2(~) for a.e. t € (0,1) and coincides
w/ absolutely continuous z, then z'(t) > z(t)? for a.e. t € (0,1).

The conclusion is equivalent to the assertion that:

1 r 2 .
(0,1) > r— L(r) :=exp (—W/ro 8T|T_12(yt)dt) is concave ,

"

since: LT =(logL)” + ((logL)')? = -2z’ + 22 < 0.
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Formal argument in smooth Riemannian setting

Recall H-J: 0y =

%@? = 1§ |V<Pt|2 , Z(1) = 0Fpi((1)) , 2(t) = f(’(Yt))z.

(we evaluate all subsequent functions at x = ;). Calculate:
Z/(t) = Rt + (V2,7 (1)) = ot — (VORor, Veor) .
But taking two time derivatives in (H-J), we know that:
Bor = (VRpr, Vor) + (Vorpn, Vorpr) = 2'(t) = [V
It follows by Cauchy—Schwarz that:

#(t) > (Voror, Vipr)? _ <vat@tav@t>2:2(t)2
T Ve () (y)’

where last identity since drpr(vt) = £2/2(vt) = £(v)?/2 is constant:
0= 81124,01 + <V8tga,, 7’(!‘)) = Z(t) - (V@t@t, V(pt> .
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Z'(t) > z(t)2/4(v)? - In reality...

Previous argument (wrongly) suggests that Hilbertianity is crucial.
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Z'(t) > z(t)2/4(v)? - In reality...

Previous argument (wrongly) suggests that Hilbertianity is crucial.

- " " 2
2()" = "U)OF |r=tlr (1) = OF |r=t F (31) = 0|10, ¢ (1) are usual
upper/lower 2nd (partial) deriv's of 7 +— . at 7 =, x = ~;.
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Z'(t) > z(t)2/4(v)? - In reality...
Previous argument (wrongly) suggests that Hilbertianity is crucial.

_ " " 2

Z(t)" ="U(7)0F |r=tlr (1) = 8Ti|‘rzt%(71) = 07 |7=10- - (71) are usual
upper/lower 2nd (partial) deriv’s of 7 — @, at 7 = f, x = ;.

Set h(t,<) := 2(orre(ve) — r() — £,

Then z(t)" = "lim._,, ™42} are 2nd Peano upper/lower deriv’s.

£2

3 2nd derivative = 3 2nd Peano derivative, but not vice versa.
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Z'(t) > z(t)2/4(v)? - In reality...

Previous argument (wrongly) suggests that Hilbertianity is crucial.

_ " " 2

Z(t)" ="U(7)0F |r=tlr (1) = 8Ti|‘rzt%(71) = 07 |7=10- - (71) are usual
upper/lower 2nd (partial) deriv’s of 7 — @, at 7 = f, x = ;.

Set h(t,e) = 2(pre () — wr(n) — 52).

Then 2(t)* = "lim,_,, ™% are 2nd Peano upper/lower deriv’s.

3 2nd derivative = 3 2nd Peano derivative, but not vice versa.
What we actually show is: Vy € G,,s < t € (le],1 —[e])

o) - ) 52
o e zfjj(ﬁg(%)es(vg))?< im =7 )

e—0,t—s 52
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Z'(t) > z(t)2/4(v)? - In reality...

Previous argument (wrongly) suggests that Hilbertianity is crucial.

_ " " 2

Z(t)" ="U(7)0F |r=tlr (1) = 8Ti|‘rzt%(71) = 07 |7=10- - (71) are usual
upper/lower 2nd (partial) deriv’s of 7 — @, at 7 = f, x = ;.

Set h(t,e) = 2(pre () — wr(n) — 52).

Then 2(t)* = "lim,_,, ™% are 2nd Peano upper/lower deriv’s.

3 2nd derivative = 3 2nd Peano derivative, but not vice versa.
What we actually show is: Vy € G,,s < t € (le],1 —[e])

h(t,e) — h(s,¢) L Ste
t—s T t+e

e—0,t—s 52

(g\:StJre(FYs) *Zs(”/s))z < lim _ =1z > 6(222 > .

Idea: on geodesic proper space, 3y such that (AGS):
dz(yg:775) _
2(s+¢)

d?(y=, ) + + +
—ptre(1) < m —o(y=), Ay, ) <d(yz,vs) +d(vs, 1)-

—pste(Vs) = ‘P(yai) ) d(yaia%) =(s+ 5)£si+s(75)-
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3rd Ingredient - Rigidity of CoV Formula

For v-a.e. v € G}, the Change-of-Variables Formula yields:

ps(vs) hs(t)

Pt(’YI) 14+ (f— S)d = r/(’)/)z( t)

Note separation of variables on LHS and linearity in s in denominator;
this allows to gain additional order of regularity in ¢, s.

fora.e. t,s e (0,1).
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3rd Ingredient - Rigidity of CoV Formula

For v-a.e. v € G}, the Change-of-Variables Formula yields:

ps(vs) hs(t)

() 1 (t - 5) el 200)

Note separation of variables on LHS and linearity in s in denominator;
this allows to gain additional order of regularity in t, s. Indeed:

fora.e. t,s e (0,1).

t — pi(71), hs(t) are locally Lipschitz, hence W z(t) a.e.

with z locally Lipschitz, and hence z’ > 72 a.e. by 2nd Ingredient.
Moreover, we can redefine {hs},_g so that s — hs(t) is loc. Lipschitz.
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3rd Ingredient - Rigidity of CoV Formula

For v-a.e. v € G, the Change-of-Variables Formula yields:
%]

ps(vs) hs(t)

() 1 (t - 5) el 200)

Note separation of variables on LHS and linearity in s in denominator;
this allows to gain additional order of regularity in t, s. Indeed:

fora.e. t,s e (0,1).

t — pi(71), hs(t) are locally Lipschitz, hence W = z(t) a.e.

with z locally Lipschitz, and hence z’ > 72 a.e. by 2nd Ingredient.
Moreover, we can redefine {hs},_g so that s — hs(t) is loc. Lipschitz.

Theorem
Assume that on (0,1), p(t) locally Lipschitz, {hs(t)}sco 1) are
CD(Ky, N) densities, z'(t) > z?(t) a.e., and:

p(s) __ hs(t)
p(t) ~ T+ (t-9)2(D)

Then: = = L(t)Y(t), with L concave and Y a CD(Ky, N) density.

fora.e. t,s € (0,1).
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Formal Argument using rigidity

Fix any rp € (0, 1), and define the functions L and Y by:

log L(r) := /rz( s)ds, log Y(r / Ot|t=s l0g hs(t)

o
= log r: /8t|t slog ps ds—/ Ot|i=s log hs(t)ds

p(t)
- / Otlt=slog(1 + (t — s)z(t))ds = log Y(r) + log L(r).

We saw that Z/(t) > z(t)? yields concavity of L. For all r € (0,1):
(log Y)'(r) = Otlt=rlog hr(t),
(log Y)"(r) = 02|i—,log h,(t) 4+ 0s0t|t—s—, log hs(1).
D50t t=s—r 109 hs(t) =pigidiy DsOt|t=s—r log(1+4(t—8)2(t)) = —2'(r) + z%(r) < 0.
Hence, using differential char. of CD(Ky, N) density for h,(t) at t = r:

(log YV(”*W < Flr-rtog (1) + =100 ?rm)z <K O
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Thank you very much!
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